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Section I

10 marks
Allow about 15 minutes for this section

Use the multiple-choice sheet for Question 1-10

1 fz= 22 he imagi rt of z is:
z= 7., theimaginary part of z is:
A. -2
2
B. —=
5
C —2i
2
D. _Ei
2. If the vectors a = mi +4j + 3k and b = mi + mj — 4k are perpendicular, then

which of the following values of m are correct?

A. m=-1 orm=1
B. m=-2 orm=0
C. m=—-2 orm==6
D. m=—-6 orm=2
3. If z is any complex number satisfying |z — 1| = 1, then which of the following is
correct?
A. arg(z—1) = 2arg (2)
B. arg(z—1) =arg(z+1)
C. arg(z) =2arg(z+1)
D. 2arg(z) = g arg (z% — z)

Section I continues on the next page



t
1 t2
A particle moves along a curve so that its position at time t is given by x = | 2

1
3
3

The acceleration at t = 1 is:

A Tk
B. J +2k
c. 2 +k
p. i+j+2k

A man walks a distance of 3 units from the origin in the direction of N45°E, and then
walks a distance of 4 units in the direction of N45°W arriving at the point B. The position

of B in the Argand plane is:

A 3¢ + 4i

B. 3 - 4i)eiTn
C. 3 +4i)ed
D. 4+ 30T

Using the substitution x = 1 — y, the definite integral | O" x sinx dx will simplify to:

A. 0

ws)
NS

@]
N[ S

T
f sinx dx
0

T
D. f sinx dx
0

Section I continues on the next page
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Which of the following statements is a negation of the following statement?

Vx e RY,3y e R":1xy =1

A. Jx,y € R such thatxy # 1

B. Vx,y € RY, xy #1

C. dx ERT :VyeRY xy #1

D. Vx € R™, there exists a positive real number y such that xy # 1

A horizontal force F Newtons is applied to a small object P of mass m kg on a smooth
plane, inclined to the horizontal at an angle 6.

-

If F is just enough to keep P in equilibrium, then the magnitude of F is:

A. mg cos? 6
B. mg sin? 6
C. mg cos 6
D. mg tan 6

Section I continues on the next page



10.

Which of the following is false?

3
A. f x3e **dx = 0

-3

4 xZ d 2 4 xZ d
B. f_4x2+4 = fox2+4x

T Vs
C. f sin49d9>f sin 46 d@

0 0

1 1
D. f x*dx < f x3dx

0 0

a, b and c are vectors of magnitude 3, 4 and 5 respectively.

It is also given that:
a is perpendicular to (b + C),
b is perpendicular to (c + a) and

c is perpendicular to (a + b).

Then, the magnitude of the vector a + b + ¢ is:

A. 5

B 5v2
C. 5v3
D 12

End of Section I



Section 11

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your response should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet.

(a) Letw; =8-—2iand w, = —5+ 3i.
Find:
w1 + Wy

(d) ()  Express z =2 — i/2 in the exponential form

(i) Hence, write z?2 in the a + ib form where a, b € R

(¢) (1) Find the square roots of —35 + 12i

(i) Solvez?—(5+4i)z+11+7i=0

(d) Find
dx
IEHEBE
(e) Find

1
fx2—6x+13dx

End of Question 11



Question 12 (15 marks) Use the Question 12 Writing Booklet.
(a) Prove the following statement using a proof by contradiction.

“For each irrational number s, the number 2s + 1 is also irrational”

(b)  Show that

*_6t+23 225
L 2t-D+6) T T

(c) Evaluate

s
f? deo
o 2+ cosb

: o 0
by using the substitution t = tan 2

(d) () Show thatif 1, w;, w, are the cube roots of 1,
1+w, +w?=0

and
1+w, + w2 =0

(i) Ifn is not a multiple of 3, prove that

x2" 4+ x™ + 1is divisible by x? + x + 1

End of Question 12



Question 13 (13 marks) Use the Question 13 Writing Booklet.

(a) Prove by mathematical induction that Vn € Z*

n
2nmn
Z Vi >
' 3
=1

(b) ABCD is a parallelogram and E is the midpoint of AB.

D a C

Using vectors, show that any line joining any vertex of a parallelogram to the
midpoint of a side not passing through that vertex divides the opposite diagonal in
the ratio 1: 2. (i.e. Show DE divides AC, in the ratio 1: 2)

(¢)  The acceleration of a particle moving along the x-axis is given by

d?x s
P =2x° —10x

(1)  Ifthe particle starts at the origin with velocity u, show that its velocity is given
by v? —u? = x* — 10x?

(i) Ifu = 3, show that the particle oscillates within the interval =1 < x < 1

(ii1) Is the motion referred to in (ii), an example of simple harmonic motion?
Give clear reason for your answer.

End of Question 13
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Question 14 (17 marks) Use the Question 14 Writing Booklet.

(a)

(b)

(i)  Show that a? + b? > 2ab, where a and b are distinct positive real numbers

(i) Hence, show that a? + b? + ¢? > ab + bc + ca, where a, b and c are distinct

positive real numbers

(ii1)) Hence, or otherwise prove that

a’b? + b%c? + c?a?

> abc,
a+b+c

Where a, b and c are distinct positive real numbers

(i) IfZ=cosf +isinb,
Express Z™ + Z™™" in terms of 8

Let, for real values of k,

f(@)=1+k cosO + k?cos20 + k3cos30 +---+ k™cosnf + -

(i)  Using the result in (i) and expressing f(6) as the sum of two geometric
progressions, prove that

1—kcos@

k 1
—2kcosO + k2’ Ikl <

£(0) =

(iii) Verify the result in (ii) for |k| < 1 and 6 = g

Question 14 continues on the next page
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Question 14 (continued)

(c) 7, and ry are two lines with vector equations:

1 0
(0)+4(1) an
1 1
2 1
w=(o]+u(s).  aner
- 0 2

(i)  Show that these two lines intersect.

N

(i1)) Find the angle between the lines.

(ii1) Find the shortest distance from the point P(1,2,0) to the line
1 0
n=(0]+1]1
~ 1 1

End of Question 14
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Question 15 (15 marks) Use the Question 15 Writing Booklet.

(a) Ifthe functions f(x) and g(x) are such that f(x) > g(x) = 0 fora < x < b, by
using a sketch (or otherwise) explain why

fabf(x) dx > fabg(x) dx

(b) Let
1 n—1
I, = f (1-t>"2 dt,
0

Where, n is a non-negative integer.
(1)  Using integration by parts, or otherwise, show that
nl,=Mm-11_, ifn=>2

(i) Let),=nl,I,., n=>1.

Show that
T
]n = E, vn=>1

(ii1)) Using part (a), or otherwise, show that
0<IL,<I,4

(iv) Hence, or otherwise, prove that
T <L, < "
N2n+2 " S N2n

End of Question 15
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Question 16 (15 marks) Use the Question 16 Writing Booklet.

(a)

When a jet aircraft touches down, two different retarding forces combine to bring it to
rest. If the jet has a mass of M kg and a speed of v m/s, there is a constant frictional

force of iM newtons and a force of 1—(1)8 Mv? newtons due to the reverse thrust of the

engines.
The reverse thrust of the engines do not take into effect until 20 seconds after touch
down.

(1)  Show that

d*x _ ! for0 <t <20
acz -~ 4 -
And that for t > 20, and until after the jet stops,

dzx— L (27 +v?)
dez 108 v

(i) If the jet’s speed at touch down is 60 m/s, show that v = 55 and x = 1150 at
the instant the reverse thrust of the engines takes effect.

(iii)) Show that when t > 20,
x = 1150 + 54 {In(27 + 552) — In(27 + v?)}

(iv) Calculate how far from the touchdown point the jet comes to rest. Give your
answer to the nearest metre.

Question 16 continues on the next page

-13-



(b) By considering the sum to n terms of the series

1—t+t? =3+ -+ (D1, t# -1

(i)  Show that

x2 X3 %™ X tn
4 4. —N\n__ — — (—1\n
x= + 3 + -+ (—1) - log, (1 +x)—(—1) fo 1+tdt

for0 <t <x,

(i)  Also, show that

X tn X
f dt < f t"dt
o 1+t 0

(i) For 0 < x < 1, show that

o 1
dt
f01+t <n+1

(iv) Hence, prove that as n — oo,

2 3 n

X X
— — — eee — n— cee —_—
X - + 3 + -+ (1) - + log. (1 + x)

End of Examination
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Multiple Choice

1. __ 3+4i

T o1+2i
(3+40)(1-20)

(1+2i)(1-2i)

- 24D
5 5

2
Im(z) = -z
2. a=mi +4j + 3k and

b=mi +mj — 4k
If @a and b are perpendicular, a.b=0

m?>+4m—-12=0
(m+6)(m—2)=0

m= —6,2
3.
Angle subtended at the centre is double the angle at the
circumference
4,
1.2 1 . 0
r=|2 ;o r=(t], r=11
1,3 t2 2t
3
) 0
Att=1, r =1(1 = j +2k
? 7 ~
5. Suppose the man reaches A after walking 3 units in

N45°E and B after walking a distance of 4 units in

the position of B be z. Since LOAB = %, we have

E
0—3e4 s
arg\— & | T3
z—3e4 2
in
0-3e4 O0A rr+_ T
i_"_AB(COSZ lSan)
z—3e4 ]
n
0—3e+ 3i
— ==
z—3e4 .
LT LT

in
z=((3+4i)e4

NA45°W. Position of A in the Argand diagram is 3e’+. Let




T T
fxsinx dxzf xsinx dx
0

0

X=m—y
dx = —dy
x=0y=m
x=,y=0

b4 0
fxsinx dxzf (r —y)sin(mr —y) X —dy
0 n_TL'
=f (r —y)sinydy
0

VA

T
=f msinydy — f ysinydy
0

0
T

A
fxsinx dx = f ysiny dy
0 0
T s
Zf ysinydyznf siny dy
0 0
A

T s
f ysiny dy :Ef siny dy
0

0

C
dx ERT :VyER Y xy #1

By Lami’s Theorem,
R F mg

sin90° _ sin(180° — @) _ sin(90° + 6)

R F mg
=

sin@ cos@

F =mg tan6




9. 3 D
4) f x3e™*dx =0 odd function, True
-3
(B) Even function, True
(C)
| b
y = sin*é i | \) U
: y = sin46 Tl‘ue
(D)
\,__\1.4
T y= X
AV
|
False
10. - - NE - - - - - - B
|a+b+c =(a+b+c). a+b+c)
—a.a+a (b+?)+b.b+b.(3+?)+
c.c+ec. (E + b)
-2 - /7 - -2 - o
=|a +a (b+c)+ bl +b (a+c)+
-2 - /> -
|c| + c. (a + b)
=94+0+16+0+25+0
=50
|Z+b+? =50 = 5v2
Question 11
(a) w; =8—2iand w, = =5+ 3i 1 mark: correct W,
w; =8 —2iand
wy+w, =8-2i—5-3i 1 mark: correctly
3—5i adds w; and w,
(b)(i)

z=+2—-iV2

Izl =v2+2=
T

arg(z) = _Z

1 mark: correct |z| or
correct arg(z)

1 mark: correct
exponential form

Well done




(ii)

—i22m
222 = 222 p™ 5

—illm
222 = 922 ™3

11w 11n
72 = 272 (cos (= =57 + isin (=)

1 mark: correctly
writes the expression
for z22

Some minor in
calculation of

. (1171)
9o 22 11m . /11m 1 mark: correctly st 2
27 =12 COS( 2 )_ tsin ( 2 ) evaluates and gives
722 = 922 (O _ (—i)) the answer in the
722 — 222 simplest form
(c)(i) letV—=35+12i =a+ib
a2 — p2 = —35 1 mark: gives the
a2 4 p? = \/(_35)2 122 =37 correct values for Well done
B - a? — b? and (multiple
21 +1 2ab =12 methods used)
ac = sa= +
2 mark: correctly
b2=36 ~b= 16

V=35 +12i = +(1 + 6i)

evaluates a and b and
gives the square root.
1 mark: Minor error

(c)(ii)

z2—(5+4i)z+11+7i=0
(5 + 4i) £/ (5 +4i)2 — 4(11 + 7i)

1 mark: applies

Well done (other
than careless

S 4 ai) + 352 12 quadratic formula errors)
7 = (5 +40) + V35 + 12 correctly
2
Using (c)(i),
_ (5+40) £ +6iQ) 1 mark: Uses the
2 _ . . solution from (c)(i) to
’ 2 | roots
5+4i+1—6i 5+4i—1+6i
2 ! 2
z=3—1i, 2+5i
(d) :f dx 2 mark: Correct
x(In x)? answer from correct Well done
Letu =Inx Working
du _ 1
dx x 1 mark: Minor error
du =—dx
X
du
I = F
1
=——+4cC
u
1
=——+c
Inx
(e) f T
x? —6x+13 2 mark: Correct Well done

answer from correct
working

1 mark: Minor error




Question 12

(a)

The statement to prove is:

Vs ER,if s¢€ Q,then2s+1¢&Q
Proof:
Suppose the statement is false.
Thatis3s € R:s ¢ Qand 2s+ 1 € Q. 1 mark

Then,
25+1=%forsomea,b €/and b # 0.
a a—b>b
25=E—1= 5
a—b>b
. ~ 2b
~s=—forsomec,d €]andd # 0.

d
However, s & Q. Thus we have reached a contradiction

in our assumption that the original statement was false.

Thus the statement is true.

1 mark: Gives proof
with correct notation
and fluid logic- must
demonstrate mastery
of mathematical
notation

1 mark: Writes the
statement of
contradiction

2 marks: for correct
proof (demonstrates
the contradiction and
states the meaning of
each statement.

1 mark: Gives the
correct proof with not-
so-good explanation

Poorly done.

Try to uses as
much
mathematical
notation as
possible. (rewrite
the given
statement using
mathematical
notation)

Please see the
contradiction
statement: most
students Vs
instead of 3s € R

(b) 3 6t+23 it 1 mark: correctly
; @t=1)(t+6) converts to partial Well done
fractions
6t+23 _ A B
@e-1D(@E+6) 2t—1 t+6 2 mark: correct
A=4B=1 . .
integration
5 6t+23 34 1 (1 mark: Minor error in
=" _dt= | ——+——dt i i
fl 2t—1)(t+6) fl 2t—1 146 integration)
32x2 1
= f -1 +t+—6dt 1 mark: correct
1 .
[In (2t — 1)2 (¢ + 6)]2 evaluation
_1 25%x9
T 1x7
_1 225
7
(c) f% do
o 2+ cosf
t=t o
= anz
1 0
dt =5 sec? S de = (1+)%dt Well done,
9=0 t=0 1 mark: correctly ?xc?pt f.o‘r error
=5, t=1 1 mark converts the limits and in simplification
) do interms t of the integrand
1 mdt and making the
J; —1- converted from
2+ 1142 1 mark: correctly far too simple
fl 2dt converts the integrand
o 2(1+t2) +1—1t2
fl 2dt 1 mark 2 marks: correctly
0 3+¢2 H
) ! integrates and evaluates
[ﬁ tan~! NG 2 mark : correct integration and evaluation
0
2 7 1 mark: minor error in
V3 X (E - O) integration and

1 mark:

evaluation




(d)(i)

Since, w4 is a cube root of unity, cuf —1=0.

le. (w; — 1)(w? + w; +1) = 0. Well done
Asw, # 0, 1 mark: factorises
(wW+w, +1)=0 w3 —1=0and
explains the results
Also, with correct reasons.
(W5 +w, +1)=0
(ii) leta = wl.Thena # 1 anda® = (0o])3 = (3" =1
1 mark: proves w™" is a
a isacuberootofl. 1mark rootof x3—1=0 Poorly done.
By(a), a?+a+1=0
Many students

Thus w?" + Wl +1=0
le. w; Isarootof x2™ + x™ + 1
Similarly if 8 = 0%, B2+ +1 =0,

1 mark: explains a and
B are roots

used the method
of representing
n=3k+1lorn=

wi+wy+1=0 3k + 2 which is
w, lsaroot of x2™ + x™ + 1 fine.
From (i), using remainder theorem, 1
x2+x+1=(x—w)(x—w,) However, when
But we have you substitute
wq into
0+l +1=0andwd"+wl+1=0 2 i?ii)l)_:'l o
w; and w, areroots of X2 + x® +1 =10 brove that it
(x — wq) and (x — w,) are factors of 3 satisfies the
X2+ x4 1 equation as (w? +
Thus, w;+1)=0, you
x2™ + x™ + 1is divisible by x? + x + 1 4 are only proving w,
is a root.
Statements 1, 2, 3
and 4 must be
given to complete
the proof
The question is
about proving w4
and w, are roots
of x?™ + x™ +
1=0
Question 13
(a)
C 2nyn
Z Vi >
i=1 3 1 mark: proves basic
step
Step 1: Most students
Forn=1, received 2 out 3
2 xV1 2 mark: completely for this question.
Vi> 3 correct proof for the Inductive step
1>2 True forn = 1 v inductive step and was not shown
3

Inductive step:

gives a conclusion

clearly with
correct logic




Suppose the result is true for n = k, then we prove it is
true for n = k+1

Thus,
\/_>—, prove
2k + DvVk+1
Z\/f> ( )
3
k+1

Zf ZI+W

Zk\/— 2k L TET
WEe’'ll prove that
2kVk 2(k + DVEk +1
—3 +Vvk+1> ( ;
2kVEk +3Vk + 1 Z(k + 1Vk +1
3 3

2kVk+3Vk+1> 2(k+ DVk + 1

2kVk > 2k —1DVEk +1

4k%k > 2k — 1)?*(k+ 1)

4k3 > (4k* — 4k + D(k + 1)

4k3 > (4k3 -3k + 1)

0> -3k+1 Vk=21 keZ* M o
Thus the result is true for n = k, then it is true for n =

k+1

Hence by principle of mathematical induction, true
foralln>1

1 mark: progress

toward the inductive

proof

(b)

Let ABCD be the parallelogram

AB = C=
AD=BC=

Let AF =xAC and EF =y ED

PP I S - S (.
=7 = 2 Pr Y 2/
PRI O
Ty 2
=x(a+b) V1
x(a+b)=g+y(b—g) M
2 2

Equating coefficients of Z and b , we get
1
x=5(1—y) andx =y

1 mark: Writes AF =

x(a+ b)

1 mark: writes

i (s

N

a
2

)




Thus,
“la-y
3’—2 y
_1_
Hence,
e 1 - - 1 -
AF=§AC, E =§E,
AF:FC =

1 mark: equates the

N -
coefficients of a and b
, and evaluates y and
hence the result




(c)(i) 1
dx (E v2> - — 10 Applies
Dl sy, 55:1(11,2) and Well done
2V 2 dx \2
1 mark integrates
Whenx =0, v = u = ¢ = ~u?
2
1 x4 1 1 mark: correctly
- Evz == 5x2 + Euz evaluates the constant
1 mark M| of integration and
2 —u2 = x* — 10x2 proves the result
(ii) If u =3 then v? —9 = x* — 10x?
v2=x*—-10x2+9 1 mark: correctly
=x?2-9)x%*-1) factorises and solves
the inequality
=x—-Dx+1D)xE—-3)(x+3) 1 mark
Poorly done.
v 2 marks: uses the
signs of x and X to
/\ describe the direction
R of motion and proves
: the particle oscillates
in the interval —1 <
x<1
Since, v? > 0 for motion to exist then 1 mark: describes the
(x = D(x + 1)(x — 3)(x + 3) = 0 and since the particle | ,otion at leaast at one
starts at x = 0 with v = 3 it is moving to the right. point
1 mark
At x = 1.v = 0 and X = —8 and so the particle will move
to the left until it reaches x = —1
where v = 0 and X = 8. This means the particle will then
move to the right until v = 0 againat x = 1.
1 mark
Thus it oscillates in the interval =1 < x <1
(iif) Not SHM since ¥ # —n?(x — b) 1 mark
Question 14
a)(i)
(a—b)*>0 (a=z=h) Well done
A 1 mark: proves the
a*—2ab+b*>0 result
a* + b* > 2ab ------ -[L]
a)(ii) Similarly b* + ¢? > 2bc ----- 2] 1 mark: writes the
and c? +a? > 2ca - [3] % staments
Well done

Now [L‘ + @ + [ﬂ gives
2(a* + b* +¢c?) > 2(ab + bc + ca) %]

2+ b:+cizab+bc+ca

1 mark: adds the
statements to prove
the result




a) i)

Using the result in (ii)
Let a = ab; b= bc; ¢ = ca.

2 marks: proves the Well done

voa*b? + b3+ c%a® > ab.bc+ bec.ca+ca.ab & result

a*b* +b%c* + cfa® > abela + b +¢) o 1 mark: minor error in
a:b:+b:‘c:+c:a: > abe the proof
a+b+c
(b)(i) Zn+zZ7
= (cosnf + isinnf) + (cos(—nh) + i sin(—noh))
= 2cosnb 1 mark: proves the Well done

1 mark

result

(ii)

2 (0 =2+ k(2cos0) + k?(2c0s28) + ---. +
k™(2cosn0)
=2+ k(z+z V) +k*@Z*+z272) + -
+ kM 427 +

= +kz+k%z%+ .. +k"z" +--) +
k| [(k\? K\"
(1+;+(;) +---....+(;) +-)
Thus,
(9)_1 1 N 1
1O =711 1_k
Z
1 1 z
FO) =3 |Zn+ 5] 1mark

1 _ 1
1—kz 1-—kcos® — iksin®

1 — kcosO + iksin®
(1 — kcosB)? + k?sin2% 6

1 — kcos@ + iksin6
1 — 2kcos@ + k2

z  (cosB +isinB)
z—k (cosd — k) + isin@

(cos@ + isinB)[(cosO — k) — isind]
[(cosO — k) + isinB][(cosO — k) + isin6]

1 — kcos8 — iksinf
1 — 2kcos8 + k2

111 — kcos@ + iksin6 + 1 — kcos@ — iksin6

f(0) = 2 1 — 2kcos8 + k?
1 — kcos6

~ 1 - 2kcos6 + k2

1 mark: applies the
result from (i) and find
the sum of the infinite
series

2 marks: Rationalises
the denominator and
finds the result

1 mark: attempts to
simplify the expression

Some students
experienced
difficulty in
rationalising the
denominator




(iii)

For k| <1,6 =§,
1 + kcos6 + k?cos20 + ---+ k™cosnf + -+

=1—k%+k*— kS + -

1 mark: substitutes
and verifies the result

Verify means you
need to show

1 1 both results give
T1-(—k) 1tk you the same
Also, value when
T =z

1—kcos# ~ l—kcos7 1 =3

1—2kcos® + k% 1—2kcos%+k2 14 k2
c)(i) 1 0 1 1 mark: Equates the

= (1) +4 1 = 1_’}_/1 ’ parametric equations, finds Well done

(e (%)

For point of intersection to occur,

1 2+p
SANED
1+2 2pu
2+pu=1->pu= -1
A=3u= -3
Substitutein1+ 4 =2y —>1—-3=2x—1True.

Hence, the two lines intersect

the values of A and p.

1 mark: Substitutes into the
third equation to prove true
and thus proving the
intersection.

c)(ii)

It is the angle between the direction vectors

0 1
vy=(1]and v, ={3
- 1 - 2

() )

=0x14+1%x3+1x2=5

V1.V, 5
cosf = ————=
v, 1,2| VO+1+1VI+9+4
0 =19°'

2 mark: Correctly finds the
angle between the direction
cosines

Award 1 mark: Applies to
the correct formula,
however error in calculation

Angle between
two vectors is the
angle between
the direction
vectors, not
between the
points

ety

cliii)

1 1
Line r passes through the point A{ 0 | and let P 2)
o 1-1 0
Thus AP = (2—()): (2)
0—-1 -1
5 0 0
AP.v, =<2>.<1>=0+2—1=1
- -1 1

V1.V, =2

Shortest distance = |AP - Proj,, APl

N
- AP.vqy

AP - = vy

vivy

|2) -0

N =

3
vz

o)

3 marks: correct answer
from correct working

2 marks: Applies to the
shortest distance formula
and minor error

1 mark: Correctly finds AP
and finds AP. v,

Or
Correctly calculates the
-

Proj, AP

: Ue)

A diagram would
really help. Many
students
attempted
substituting into
a formula not
realising the
meanings of the
results they are
finding

Question 15

(a)

As shown in the diagram f(x) > g(x) for [a, b]




2 marks: proves the result
providing valid explanation/
working

Well done
1 mark: attempts to explain
the result, given a diagram
or equivalent merit
a b X
Area under the curve y = f(x) is greater than area
under the curve y = g(x) for [a, b].
Hence
b b
f f(x)dx > f g(x) dx
a a
(b)(i) 1 i
I = fo (1-t)z dt, 1 mark: Applies
1 n—1 integration by parts
b= f (1-¢)2 .1dt Well done
0
n-1 !
= [(1—t2) 2 .t]
0 1 mark: manipulates to
Im—-1 n-3 i
_ f ( )(1 _ T (—20).t dt express tnflg'lntegrand to
o \ 2 1-t)z
1 mark
1 T3 2 marks: correctly
=(n-1) fo (1-t5)2 .todt expresses the integrand
in terms of
1 I3 5 I, and I,_, and gives
=n- Dfo -tz . [1-(1-t5)]dt the required result
1 n-3 n-1
=Mn-1) f 11—tz —(1—-t?)2z dt 1 mark: Minor error
0
I, = (n_l)ln—z - (n_]-)ln
A+n-DL,=n-11,_,
~nl,=n-1)I,_., n=2
b)i) | nl, =Mm—-1)1I,_, from (i) 1 mark: Demonstrates

Similarly, (n— 1)L, =n—-2)1,_4

n-2)I,_,=n-3)1,_, 1mark

Thus,

]n =n In In—l

n
= =Dl X7 In-s

= (Tl - Z)In—z In—3
1 mark
Summarising,
Jo=nl, ,_; n=1
= (n — Z)In—z In—3

the pattern

1 mark: Demonstrates

]n =n In In—l
= (n - Z)In—z In—3

1 mark: proves

]n =n InIn—l
=2I, 1,

1 mark:




= (n - 4)171—4- In—5

=nh—-Mm-2)], L
=2LI 1 mark

1
L= [/1-t>: dt=,mx12="1

L= [/1-t)°dt=1
Thus
T

T
]n—Zxel—E 1 mark

Evaluates I, and I; and
proves |, = g

(b)(iii) | For0 <t <1,
(1-t*)=0 1mark
Consider the functions 1 mark: explains
n-1 n-3 1-t3)=0
(1—-t?>z and(1 —t3)z
n—-1 n-3
1-tH)2 —(1-t2)=
( )n—3 ( ) 1 mark: proves (1 — Y:u must plrove
1-t)7z [1-t?) -1 n-1 n-3 the inequalities
A=)z (=) -1] B < (1S q
(1—t2)7 [(=t?)] that you are
For0<t<1 using. The
T T conditions that
— $2Y 7 [(—¢f2 ; . .
-t [n(_lt =0 s (must prove this) 1 mark: refers to the are given in the
Hence, (1 —t?)z < (1—¢t?)z 1mark result in (a) and explains | question must be
Hence, using result in (a), why the inequality holds | addressed.
1 n-1 1 n-3 gOOd'
f (1-¢)7 de< f (1-t*)z dt You should also
Thus 0 0 show reference
0<I, <I_, 1mark to the results
that you are
using from any
previous
questions
(b)(iv) | From (iii),
L, <IL,_; Similarly I,,; <I,
Ly <I,<IL,, 2 marks: Uses the results
n n n-— N .e .ee
I,>0 in (b)(ii) and (b)(iii) to Generally well
prove the result. Must
Thus done

In+1 In < InIn < InIn—l
From (b) (ii),

s
]nznlnln—1=§

In In—l = Z
A

In+1In = 2(7’7. + 1)
Thus,

In+1 In < (In)z < Inln—l

r < ()< r
2(n+1) n 2n

show ALL lines of
working

1 mark: explains any of

the results:
T
In In—l = %

s
In+11n = 2(71 + 1)
In+1 < In < In—l




2n+2

<L, < T
"\ 2n

Question 16
(a)(i) N N
1 mark each : Draws the free body
—iir) — Mx 1n S M diagrams and writes the force
1o equations
7081
/“]3 hy
For0 <t <20,
Mx ! M
X=—=
4
3, 1
X=—=
4
Fort > 20,
M 1 1 M2
X=—-——-M-—Mv
4 108
! 27 + v
X=—— v
108( )
(i) L1
X = —Z 0<t<?20
ie @ — _l 2 mark: correctly proves the expression
’ dt 4 . for v and x and substitutes to prove the
f dv = —lf dt results
60 4 0
v —60 = _1 1 mark: Correctly finds the expression
4 for vorx
v=——t+60 @Y
ax__1 t+60
dt 4
X t 1
f dx=f ——t+60dt
0 0 4
1
X = —§t2 + 60t ...(2)
Att =20, (1)and (2) give,
1
v= _ZX20+60:55
x = ==X 400 +60 X 20 = 1150 m
(iii) o _L 2 >
x= 108 @27+v7) =220 2 mark: proves the result
i w_ ! 27 + v?
VT 108( v 1 mark:
vd—v = — de Writes the expression
v pd L 27 +v? 108 dv )
—= ——(27
f . Vax = T8V
5527 + v 108 J1150 And attempts to prove the result
1 v
[—10g(27 + vz)]
2 55
= _m[x]ﬁso




1 27 + v? 1
28 [—27 T 552] = 108 T 11°0)
) B 27 + 552

. x — 1150 = 5410g [27—4_172]

x = 1150 + 54 {In(27 + (55)%) — In(27 + v?)}

(iv)

The jet comes to rest when v = 0.
le.
x = 1150 + 54 {In(27 + (55)%) — In(27 + v?)}
x = 1150 + 54 {In(27 + (55)%) —In(27)}
= 1405.296638 ...
= 1405m

The jet comes to rest 1405 m from the touchdown point.

1 mark: Substitutes v = 0 and gets the
x value.




(bi)

1—t+t2 =3+ + (D1t

GP witha = 1,r = —t and n terms
1-(-t)
S =
" “(1—( t))
1 n
EEE TN
Thus,
1 n
1-t+t? -3+ -+ (D" = ——(—1 "

1+t 1+t
Integrating both sides, 0 to x,

X
1—t+t?—t*++ (-1 "‘1t"‘1dt=f
fo = o 1+t

X n

- (D

t2 t3 1n1tnx (1 1n tn
[t—?+3+ +( ) ; . [I’l( +t) f( )

1 mark: finds the sum of GP correctly.

1 mark: Integrates both sides of the
equality 0 to x, proves the result

ForO0 <t <x,

1<1+t

1
Hence, ——<1 1mark
711 +t

Also,
Thus

X tn X
f dt < f t"dt 1 mark
0 1+t 0

1+t

1 mark: proves the inequalityﬁ <
1

1 mark: proves the result

(iii)

x ¢n x L x AT+
dt < thdt = =
fo 1+t fo [n + 1]0 n+1

Thusfor0 < x < 1,

Hence
n+1 n+1
0<i <l =L
n+1 n+1 n+1
X n
—dt < ——
fo 1+t n+1
(iv) From (i),
x? 3 x" X 4n
—— 4. 1= = —(=1)"
X 2 + 3 to+ (D) n log.(1+x) = (=1) fo 1+tdt 2 marks: correct proof with references
From (ii), when n — oo, to previous results and explanation
J‘x t" 1
dt < -0 L
o 1+t n+1l 1 mark: minor error
Thusasn — oo,
X2 3 xn
xX——=+—=+--+(-1D"—+- =log.(1+x
—+ (- — ge(1+2)






